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Abstract: The limits of applicability of scaling relations to generate new simulations of photon
migration in scattering media by re-scaling an existing Monte Carlo simulation are investigated
both for the continuous wave and the time domain case. We analyzed the convergence properties
in various scenarios by numerical methods, trying to derive practical guidelines for the judicious
use of this approach, as well as a deeper understanding of the physics behind such relations.
In the case of scaling of the absorption coefficient, the convergence is always rigorous both
for the forward and inverse problems, relying on the derivatives with respect to the absorption
coefficient. Also, the regenerated simulation inherits the very same noise of the original Monte
Carlo simulation. In the case of scaling of the scattering coefficient, the situation is more
critical. For forward problems, even for just a 10% uniform increase in scattering, appreciable
deviations are observed whenever a high number of scattering interactions is involved. We
tested a practical criterion based on the number of scattering events in the original simulation to
judge the convergence of the scaling factors. For inverse problems, the scaling relations provide
accurate regenerated simulations apart from the noise level that is increased with respect to the
initial simulation, although anyway lower than the noise level obtained by implementing the
direct calculation. The results of this study are important whenever an increase of Monte Carlo
code throughput is mandatory, e.g., for fast data analysis of diffuse data, or in machine-learning
scenarios, when generating huge datasets is needed.

© 2024 Optica Publishing Group under the terms of the Optica Open Access Publishing Agreement

1. Introduction

The study of photon propagation in highly scattering media, with a wealth of applications
ranging from biomedical optics to astrophysics, is usually supported by the Radiative Transfer
Equation (RTE), based on photon-particle description of light propagation governed by the
energy conservation laws [1]. Given the difficulties in deriving closed-form solutions in complex
structures – e.g., the human head – numerical approaches based on Monte Carlo (MC) simulations
are often adopted both for forward and inverse problems. By generating many possible photon
trajectories on a statistical basis, MC methods permit to simulate any geometry and combination
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of optical properties – namely, the absorption coefficient µa, the scattering coefficient µs, the
scattering phase function p(θ), the refractive index n. In particular, when photon propagation is
dominated by multiple scattering, it is also useful to introduce the anisotropy factor g, defined as
the average cosine of the scattering angle, and the reduced scattering coefficient µ′s, defined as
µ′s = µs (1 − g) [2]. For this reason, MC methods became the gold standard for modeling light
propagation in tissues or in diffusive media and an essential tool in biomedical optics [3]. To this
extent, many MC codes have been developed for the purposes of several applications [4–16].

In this context, a set of rigorously derived scaling relations (SR) provides an efficient way
to generate a new simulation with a perturbed set of optical properties (µa = µa0 + ∆µa,
µs = µs0 + ∆µs) starting from an initial simulation obtained with a given set of optical properties
(µa0, µs0) [4]. Indeed, even with parallel computing and GPUs, the computational burden of
MC can be a limitation in realistic scenarios, particularly for inverse problems, which require
many attempts to be tested. Then, MC codes could benefit from the use of SR, namely to reduce
computational time.

Yet, there is more in SR than just that. The elegance of the SR and the beautiful physics behind
them can unveil general properties of the RTE to ignite new findings.

In the previous companion paper [17], we briefly recalled the origin of the SR mostly in
the neutron transport field [18–20], and their further extension to the biomedical optics field
[4,21], encompassing also polarization [22], heterogeneous and inverse problems [23–26],
photoacoustics [27]. We presented the derivation of the SR, for a homogeneous and a non-
homogeneous medium, discussing the convergence properties of the method for absorption and
for scattering. An insightful analysis led to the study of the probability function pℓ(k, µs) for
the number of scattering events k undergone by a photon along a path of length ℓ for a given
trajectory, which permitted to understand the frailty of the scaling factor for µs. Furthermore, the
implications when using the derivative of the SR with respect to µa and µs in inverse problems
were addressed.

This paper complements the previous contribution [17], where the theoretical bases of the
method were discussed, presenting an extensive numerical study on the validity and convergence
properties of the SR. This study faces many different cases and permits to gain both a general
understanding of the formulas as well as its practical utility. In particular, the probability
function pℓ(k, µs) is derived numerically in different scenarios, to understand what determines
the corrective factor for a change in scattering. Section 2 briefly recalls the key formulas, Section
3 presents the methods used in MC simulations and the metrics to grade convergence, Section
4 displays the key findings on the convergence properties and the shape of the the probability
function pℓ(k, µs) in various scenarios, encompassing continuous wave (CW) and time domain
(TD), homogeneous and heterogeneous cases, finite perturbations and calculus of derivatives.
Finally, Section 5 draws the general conclusions and presents future directions.

2. Theory

In this Section, we briefly report the main theoretical results about the scaling approach to MC
simulations in a homogeneous medium, whose extensive demonstration can be found in the
companion paper [17].

Firstly, we report the scaling factors for the absorption (Fa) and scattering (Fs) coefficients in a
homogeneous medium:

Fa =
W(µa, µs0)
W(µa0, µs0) = e−(µa−µa0)ℓ , (1)

Fs =
W(µa0, µs)
W(µa0, µs0) =

(︃
µs

µs0

)︃k
e−(µs−µs0)ℓ , (2)
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where W(µa0, µs0) is the weight of each detected photon in the original simulation, while
W(µa, µs0) and W(µa0, µs) are the weights of the same photon (detected after traveling along
the same trajectory) in the scenarios where either the absorption coefficient or the scattering
coefficient is changed.

In the time-resolved approach, the weights of the received photons are classified into a
histogram of time-of-flights. Then, if the time bin width is assumed to be sufficiently narrow, all
photons within the i-th time bin have the same pathlength ℓi = vti and we can write:

TPSF(µa, ti) = TPSF(µa0 = 0, ti)e−µavti , (3)

where ti is the average time of the i-th time bin, TPSF is the Temporal Point Spread Function, i.e.,
the probability that a photon is received in the i-th time bin, v is the speed of light in the diffusive
medium, and the basic MC simulation is obtained for µa0 = 0.

On the contrary, due to the presence of the number k of scattering interactions in Eq. (2), a
straightforward calculation of the scaling factor caused by a variation of the scattering coefficient
is not possible. However, if the probability function pℓ(k, µs0) for the number of scattering
events k undergone by the received photons with pathlength ℓ is known, the scaling factor for
TPSF(µs, t) is:

FTPSF,s(µs0 → µs, ℓ) =
∞∑︂

k=0
pℓ(k, µs0)Fs(k, µs) =

= e−(µs−µs0)ℓ
∞∑︂

k=0
pℓ(k, µs0)

(︃
µs

µs0

)︃k
,

(4)

where Fs(k, µs) is given in from Eq. (2).
In particular, in the case of an infinite non-absorbing homogeneous medium with no detectors,

the function pℓ(k, µs0) can be explicitly calculated provided that all propagating photons are
considered:

pℓ,∞(k, µs0) = (µs0ℓ)k
k!

e−µs0ℓ , (5)

resulting in a Poisson distribution with mean value λ = µs0ℓ. In the case of finite geometries
and a receiving detector the probability function pℓ(k, µs0) has to be reconstructed by exploiting
MC simulations, where both the trajectory length ℓ, and the number of scattering events k are
recorded for each received photon. In the following Section 4.1 we report some examples of
these probability functions, named pℓ,MC(k, µs0).

In order to understand the limit of applicability of Eq. (4), we proposed the following
approximation for FTPSF,s [17]:

FMC,s(µs0 → µs, ℓ) =
kmax(µs0)∑︂

k=kmin(µs0)
pℓ,∞(k, µs) , (6)

where kmin(µs0) and kmax(µs0) are the smallest and the largest number of scattering events of
the simulated photons with pathlength ℓ, while the pℓ,MC(k, µs0) of the initial simulation was
approximated as:

pℓ,MC(k, µs0) ≈
⎧⎪⎪⎨⎪⎪⎩

pℓ,∞(k, µs0) = (µs0ℓ)k
k!

e−µs0ℓ , kmin(µs0) ≤ k ≤ kmax(µs0)
0, elsewhere

(7)

The calculation of FMC,s through Eq. (6) provides a criterion of convergence for the method: it
can be used safely when FMC,s(µs0 → µs, ℓ) ≈ 1.
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As for the CW approach, if the time window spanned by the TPSF is large enough, the collected
photons can be obtained by integrating the TPSF over time:

CW(µa, µs) =
M∑︂
i=1

TPSF(µa, µs, ti)∆t, (8)

where M is the number of time bins and ∆t their width.
Finally, the SR for absorption and scattering coefficients can be used to evaluate the derivative

with respect to the optical properties of the medium:

∂TPSF (µs, µa, ti)
∂µa

|︁|︁|︁|︁
µs=µs0

= −⟨ℓ⟩iTPSF (µs0, µa, ti) , (9)

∂TPSF (µs, µa, ti)
∂µs

|︁|︁|︁|︁
µs=µs0

= ⟨ k
µs0

− ℓ⟩iTPSF (µs0, µa, ti) . (10)

Moreover, for ∆t small enough, we can set ⟨ℓ⟩i = vti, while the term ⟨k/µs0 − ℓ⟩i is almost
nil, except for those time bins, i.e., pathlengths, where the probability functions pℓ(k, µs0) differ
substantially from the correspondent Poisson distributions.

In the CW case, we obtain:

∂CW (µs, µa)
∂µa

|︁|︁|︁|︁
µs=µs0

= −⟨ℓ⟩CW (µs0, µa) , (11)

∂CW (µs, µa)
∂µs

|︁|︁|︁|︁
µs=µs0

= ⟨ k
µs0

− ℓ⟩CW (µs0, µa) , (12)

where the average values are calculated using all the received photons.

3. Methods

The MC simulations shown in this work were generated using three different codes: 1) an
elementary and extensively validated MC code [2,3,28–31] that stands in continuity with the first
MC code used to implement this approach for biomedical optics applications, i.e., Ref. [4]; 2) the
open source GPU-accelerated MCX code [6,7]; and 3) the open source GPU-accelerated MCML
code [8,9]. The use of multiple platforms to generate MC results is motivated on one side by the
need to provide examples of applicability of the presented approach in realistic 3D geometries
on an efficient timescale (and this is only possible through MC codes capable of using GPU
resources), and on the other side by the need to easily modify the code for implementation of the
quantity of interest. The equivalence and verification of different MC codes have already been
extensively reported [5–7]. Then, for the simulations in this work, we used the most convenient
code depending on the considered case. In addition, the scattering function used to extract the
scattering angles was the Henyey-Greenstein model [3]. Finally, all MC simulations were carried
with at least 106 detected photons.

All the quantities of interest are calculated inside the MC codes together with their standard
errors. The standard error was evaluated by a single simulation, where for each quantity of
interest x, relative to each trajectory, e.g., the scaled weight W(µa, µs), its average x and mean
squared value x2 were calculated. Then, the standard error on the calculated quantity, σx̄, was
evaluated by its intrinsic definition, i.e.,

σx̄ =

⌜⃓⎷ (︂
x2 − x2

)︂
Ne − 1

, (13)

where Ne is number of simulated trajectories [19,32].
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For the purpose of this work, the evaluation of the standard error on the absorbing or scattering
perturbation is critical to determine whether the reconstructed quantities can be applied with
sufficient reliability. Indeed, to be reliable, a MC result related to a calculated quantity x̄ should
exhibit a relative error, σx̄/x̄, of less than 5% [19]. The information provided by the standard
error is therefore also an index of convergence of the weight factors.

4. Results

4.1. Examples of pℓ,MC(k, µs) in finite geometries

In this Section, we report some examples of the probability functions pℓ,MC(k, µs) calculated for
the case of a non-absorbing homogeneous diffusive infinite slab in reflectance geometry. The
methodology adopted to calculate pℓ,MC(k, µs) is reported in Appendix A.

As an example, the cases for a non-absorbing slab of thickness s = 4 cm, µ′s0 = 10 cm−1,
with g = 0 and g = 0.8 are depicted in Fig. 1 and Fig. 2, respectively. In each panel, for a
specific pathlength ℓ, we display the pℓ,MC(k, µs0) relative to different source-detector distances
ρ. Moreover, as a comparison, the correspondent pℓ,∞(k, µs0), i.e., the Poisson function obtained
in the case of the infinite medium, is depicted as well.

Fig. 1. Examples of probability functions pℓ,MC(k, µs0) for different pathlengths ℓ are
reported for a non-absorbing infinite slab. In each plot, different source-detector distances
ρ are considered: ρ = 0.3 cm (magenta line), ρ = 0.5 cm (cyan line), ρ = 1 cm (red line),
ρ = 2 cm (green line), ρ = 3 cm (blue line). As a reference, the corresponding function
pℓ,∞(k, µs0) is also reported in each plot (black line). Parameters for MC simulations: slab
thickness s = 4 cm, internal and external refractive indexes ni = ne = 1, µ′s0 = 10 cm−1,
and g = 0, resulting in µs0 = 10 cm−1.

We note that when ρ>ℓ, the pℓ,MC(k, µs0) is not reported: as a matter of fact, no photon with
such a pathlength can reach the detector and the corresponding pℓ,MC(k, µs0) is undefined. On
the other side, when ρ ≪ ℓ, the probability functions pℓ,MC(k, µs0) are practically the same as the
corresponding Poisson function pℓ,∞(k, µs0).
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Fig. 2. The same as Fig. 1, but for g = 0.8, resulting in µs0 = 50 cm−1.

The most interesting behavior is observed when ℓ ≳ ρ: in this case, the probability functions
pℓ,MC(k, µs0) are shifted towards smaller values of k with respect to the corresponding pℓ,∞(k, µs0).
This can be explained considering the fact that, since the length of the trajectories is similar
to the source-detector distance, the few received trajectories can only slightly deviate from the
straight line connecting source and detector, and this is possibly favored if few scattering events
occur with rather long steps. Furthermore, we explicitly note that the two probability functions
pℓ,MC(k, µs0) for ρ = 2 cm when ℓ = 2.5 cm (green line) and for ρ = 3 cm when ℓ = 5 cm (blue
line) are not reported in Figs. 1 and 2, because they are comprehensive of few tens of photons.
As a matter of fact such a kind of trajectories are possible (ℓ ≳ ρ), but very unlikely.

As a general remark, these results suggest that only for length ρ ≲ ℓ ≲ 5ρ the probability
functions pℓ,MC(k, µs0) related to a specific detector are different from the corresponding Poisson
function pℓ,∞(k, µs0) for the infinite medium. Then, in the time-resolved approach, the scaling
factor for scattering FTPSF,s [Eq. (2)] results different from 1 (as for the Poisson distribution) and
the derivative with respect to scattering [Eq. (10)] is substantially different from zero only for
arrival times t ≲ 5ρ/v.

Finally, we can recall that the probability function pℓ,∞(k, µs0) represents a limiting case for
the distribution of a specific detector in a given geometry, provided that the pathlengths ℓ of
the received photons are much greater than the source-detector distance. In that case, in fact,
the photons received by the detector would propagate in a diffusive manner, similarly to that
established in free propagation in the infinite medium, albeit geometry and detectors still play
some effect. This fact can be exploited to identify those ranges of ℓ where pℓ(k, µs0) can be
replaced by a Poisson distribution.

4.2. Convergence of the scattering scaling factor

The convergence, i.e., the applicability, of the scaling method to obtain the TPSF at µs starting
from TPSF at µs0 is the main issue for the scattering SR. The main requirement to have a
good convergence of the TPSF at µs is that the trajectory ensemble included in the initial MC
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simulation is representative also for the new condition. This is fulfilled when the probability
functions pℓ,MC(k, µs0) and pℓ,MC(k, µs) are considerably overlapped [17].

In order to quantify the overlap of the two probability functions, we can approximate them as
Poisson distributions with mean values k̄0 = µs0ℓ and k̄ = µsℓ, respectively. Then, it is reasonable
to assume that the two distributions are overlapped if:|︁|︁k̄ − k̄0

|︁|︁ ≲ σk0 =

√︂
k̄0, (14)

that means, after trivial algebra: |︁|︁|︁|︁∆µs

µs0

|︁|︁|︁|︁ ≲ 1√︁
k̄0
=

1√︁
µs0ℓ

. (15)

Then, if we consider pathlenghts ℓ up to about 100/µs0 as an example, from Eq. (15) we can
assume that convergence is granted for a change in µs up to 10%.

On the other side, one expects that the effect of a scattering variation is minimal on photons
that have travelled long pathlengths before being detected, i.e., associated to late arrival times.
Then, the scattering scaling factor FTPSF,s is expected to be close to 1 for late time bins.

In order to estimate the convergence of the scaling method, we can consider the approximated
value FMC,s of the scattering scaling factor FTPSF,s, calculated through Eq. (6). When FMC,s is far
from 1, the calculation of the scaled TPSF is incorrect because of the lack of useful trajectories
(i.e., representative of the new simulation) in the initial MC simulation. As a matter of fact,
FMC,s represents a measure of the separation between the probability functions pℓ,∞(k, µs0) and
pℓ,∞(k, µs) [17]: when its value is closed to 1, the two distributions are significantly overlapping
and convergence is guaranteed.

Tables 1 and 2 quantify FMC,s for some example according to the approximated expression of
Eq. (6). A variation of 10% for the reduced scattering coefficient is considered for both g = 0
(Table 1) and g = 0.8 (Table 2). The values kmin(µs0) and kmax(µs0) obtained from the probability
functions pℓ, MCk, µs0 (plotted in Figs. 1 and 2) are shown as well.

Table 1. Scaling factors FMC,s calculated exploiting Eq. (6), for g = 0 and different
values for pathlengths ℓ, kmin(µs0) and kmax (µs0). The table pertains to a

non-absorbing infinite slab of thickness s = 4 cm, µ′s0 = 10 cm−1 and µ′s = 11 cm−1.

ℓ [cm] 2.5 5 10 15 20 40 60 80

kmin(µs0) 9 25 65 110 150 330 520 720

kmax(µs0) 45 75 135 190 250 460 680 880

FMC,s 0.999 0.996 0.991 0.974 0.978 0.836 0.788 0.509

Table 2. As in Table 1, but for g = 0.8.

ℓ [cm] 2.5 5 10 15 20 40 60 80

kmin(µs0) 75 200 430 660 900 1850 2850 3850

kmax(µs0) 170 300 575 840 1100 2150 3150 4150

FMC,s 0.997 0.936 0.861 0.707 0.508 0.146 4.40 × 10−3 7.38 × 10−5

Some values for the scaling factor FMC,s reported in Tables 1 and 2 are much less than 1. The
discrepancies essentially depend on the values of kmin(µs0) and kmax(µs0): the higher they are,
the greater the discrepancy.

Furthermore, we note that by maintaining the same scaling factor µs/µs0 = 1.1, convergence
extends to longer ℓ when g = 0. For g = 0.8, instead, results are more critical, as one can see
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in Table 2: as an example, for ℓ = 80 cm, FMC,s reduces to ≈ 7 × 10−5, indicating the total
inadequacy of the SR applied to the MC results. This is clearly due to the fact that, for fixed ℓ and
µ′s, the number of scattering interactions for g = 0.8 is higher than for g = 0. In fact, because the
scattering coefficient µs is 1/(1 − g) = 5 times higher in the former case, much more interactions
with short path are needed to fill a fixed pathlength.

The results presented in this Section, even with all the approximations of interest (i.e., having
approximated the pℓ,MC(k, µs0) with the truncated pℓ,∞(k, µs0) and having chosen the kmin and
kmax values on the basis of specific initial MC simulations), allow to establish a criterion to
predict for which values of µs it is reasonable to expect sufficiently accurate scaled results,
given a µs0 value for the initial MC simulation and the pathlengths ℓ of interest in the specific
application. In particular, in the perturbative framework that we are considering, a deviation
from 1 of FMC,s of the order of 10% is indicative for a successful application of SR. In all the
other cases, it is difficult to provide a general a priori statement about the convergence of the
scattering scaling factor. It is worth noting also that, whenever the calculation of FMC,s assures
the convergence of SR for scattering, the calculation of the scaled TPSF should be performed
exploiting straightforwardly Eq. (2).

Finally, we underline that all the examples here presented refer to a specific geometry: a
non-absorbing homogeneous slab. Nevertheless, the one reported is a general criterion and all
considerations can be extended to complex, heterogeneous media, even with a partial scattering
scaling: the calculation of the approximated value of the scattering scaling factor by exploiting
Eq. (6) is still an efficient convergence test, provided that the pathlengths are much greater than
the source-detector distance, and the perturbative approach is preserved.

4.3. Applications of the scaling factor for the scattering coefficient

In this Section, the results obtained applying the SR for scattering on both TD e CW cases are
shown. In particular, for TD case, both homogeneous and heterogeneous media are considered.

4.3.1. Time domain results

Homogeneous case
Reflectance is calculated at four source-detector distances ρ, ranging from 0.5 to 3 cm, for

a homogeneous slab with thickness s = 4 cm and refractive indices nint = next = 1. We also
considered the effect of the anisotropy factor g, by assuming g = 0 and g = 0.8. In compliance
with the expectations retrieved with Tables 1 and 2 and the considerations at Section 4.1,
the scaling has been applied for a small scattering variation, from a MC simulation run for
µ′s0 = 10 cm−1 to derive results for µ′s = 11 cm−1.

Figures 3 and 4 compare the TPSF obtained with the SR, from now on referred to as “scaled
TPSF”, and the direct simulation, referred to as “direct TPSF”.

We remind that the effect of µa on the TPSF in case of homogeneous media is an exponential
attenuation, which depends only on the time-of-flight. Thus, the ratio between the scaled and the
corresponding direct TPSFs with the same absorption is independent of µa. For this reason, we
considered only the case of a non-absorbing medium.

Figure 3 is relative to the case g = 0. The scaled TPSFs are obtained considering about
N ≈ 106 detected photons. Despite noise, the superposition of the direct and scaled TPSFs in the
first row indicates that scaling in TD is very efficient. In fact, their ratios (second row) fluctuate
around 1 at all distances and times considered. Moreover, we note that the relative error σr of the
scaled TPSF (third row) increases with time, becoming relevant only at long times.

Figure 4 summarizes the results obtained for g = 0.8. The main difference with respect to the
previous case emerges in the comparison of the scaled TPSFs and the direct calculations (first
row), which highlights the underestimation for scaled results at long times-of-flight, if the same
number of detected photons (N ≈ 106) as in Fig. 3 is considered. This is confirmed by the ratios,
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Fig. 3. First row: comparison between 𝑇𝑃𝑆𝐹𝑠 as a function of time obtained by a direct
MC simulation for 𝜇′𝑠 = 11 cm−1 and by the scaling approach from 𝜇′

𝑠0 = 10 cm−1

to 𝜇′𝑠 = 11 cm−1 in a homogeneous non-absorbing slab with thickness 𝑠 = 4 cm,
refractive indices 𝑛𝑖𝑛𝑡 = 𝑛𝑒𝑥𝑡 = 1, and 𝑔 = 0, considering the source-detector distances
𝜌 indicated on the top label. Second row: ratio between scaled and direct 𝑇𝑃𝑆𝐹. Third
row: relative standard error 𝜎𝑟 of scaled 𝑇𝑃𝑆𝐹. Scaled 𝑇𝑃𝑆𝐹𝑠 are relative to about
𝑁 ≈ 106 detected photons.

results obtained by applying SR improve both in terms of accuracy and precision. In fact, by268

increasing the number 𝑁 of detected photons, the time range where the scaled 𝑇𝑃𝑆𝐹𝑠 overlap269

the direct ones becomes larger with lower relative errors 𝜎𝑟 . As an example, Fig. 4 shows the270

case for the scaled 𝑇𝑃𝑆𝐹𝑠 obtained with about 𝑁 ≈ 109 detected photons.271

Based on published literature [19], it is expected that whenever the relative standard error272

is less than 5%, convergence is generally highly probable. Indeed, it is immediate to observe273

that scaled and direct 𝑇𝑃𝑆𝐹𝑠 begin to drift apart when the relative error on the scaled 𝑇𝑃𝑆𝐹274

increases. In particular, for the cases reported in Figs. 3 and 4, this approximately happens when275

the relative error overcomes the threshold of about 25%. Thus, we can conclude that a simple276

check of the relative standard error on the scaled 𝑇𝑃𝑆𝐹𝑠 can provide an effective a posteriori277

test to assess its level of convergence, additional to the test previously considered in Section 4.2.278

Heterogeneous case279

In addition to what we reported in the previous section, we expect that the maximum perturbation280

on the initial case is caused when the change in the scattering coefficient is applied at the whole281

diffuse medium. Therefore, considering the actual possibility of application of the SR, we expect282

the homogeneous case to be the worst in terms of convergence of the procedure.283

For this reason, we report in Fig. 5 two examples of a heterogeneous diffuse medium, where284

the change in the scattering coefficient happens only in one sub-region of the medium considered.285

For both examples, the source-detector distance 𝜌 is 2 cm, the refractive indices are 𝑛𝑖𝑛𝑡 = 1.4286

and 𝑛𝑒𝑥𝑡 = 1, the anisotropy factor 𝑔 is 0.8, the detected photons 𝑁 are about 106, and a scattering287

variation of 20% is considered.288

Fig. 3. First row: comparison between TPSFs as a function of time obtained by a direct
MC simulation for µ′s = 11 cm−1 and by the scaling approach from µ′s0 = 10 cm−1 to
µ′s = 11 cm−1 in a homogeneous non-absorbing slab with thickness s = 4 cm, refractive
indices nint = next = 1, and g = 0, considering the source-detector distances ρ indicated
on the top label. Second row: ratio between scaled and direct TPSF. Third row: relative
standard error σr of scaled TPSF. Scaled TPSFs are relative to about N ≈ 106 detected
photons.

Fig. 4. As in Fig. 3, but for 𝑔 = 0.8. Scaled 𝑇𝑃𝑆𝐹𝑠 are relative to 𝑁 ≈ 106 (blue lines)
and 𝑁 ≈ 109 (green lines) detected photons.

The left column of Fig. 5 reports the case of a 3-layered slab, where only the optical properties289

of the second layer is changed. Specifically, the optical and geometric properties are: first layer,290

thickness 𝑠1 = 1 cm, 𝜇𝑎,1 = 0.05 cm−1, 𝜇′
𝑠0,1 = 10 cm−1; second layer, thickness 𝑠 = 0.3 cm,291

𝜇𝑎,2 = 0.15 cm−1, 𝜇′
𝑠0,2 = 5 cm−1; third layer, thickness 𝑠 = 4 cm, 𝜇𝑎,3 = 0.15 cm−1,292

𝜇′
𝑠0,3 = 5 cm−1. The reduced scattering coefficient of the second layer is then changed to293

𝜇′
𝑠,2 = 6 cm−1. This case can be assumed as a scheme of the head, with the second layer294

represents the brain cortex.295

In the right column of Fig. 5, instead, is reported the case of an inclusion embedded in an296

otherwise homogeneous slab. Specifically, the optical and geometric properties in this case are:297

background medium, thickness 𝑠 = 5 cm, 𝜇𝑎0 = 0.1 cm−1, 𝜇′
𝑠0 = 10 cm−1; cylindrical inclusion298

located at halfway between source and detector, radius 𝑟 = 1 cm, height ℎ = 1 cm, depth of the299

top base 𝑧 = 1 cm, 𝜇𝑎0,𝑖 = 0.1 cm−1, 𝜇′
𝑠0,𝑖 = 10 cm−1. For both background and inclusion we300

have 𝑔 = 0.8. The reduced scattering coefficient of the inclusion is then changed to 𝜇′
𝑠,𝑖

= 8 cm−1.301

This case can mimic the case of a cyst inside the breast.302

From the plots reported in Fig. 5 we can note that the SR can be applied very efficiently in303

these examples of heterogeneous media, being the results similar to those reported in Fig. 3,304

where, differently from here, we considered 𝑔 = 0 and a scattering variation of 10%.305

Finally, we can note that the scaled 𝑇𝑃𝑆𝐹𝑠 reported in Figs. 3, 4 and 5 are underestimated. As306

a general remark, SR applied to an initial MC simulation in a medium with scattering coefficient307

𝜇𝑠0 will yield a scaled 𝑇𝑃𝑆𝐹 that more likely underestimates the true one at a different value 𝜇𝑠 .308

The reason is that, for practical time spans used to run the initial MC simulation at 𝜇𝑠0, detected309

trajectories will not include those that are more relevant (i.e., have larger weights) for the new310

medium with a different scattering coefficient 𝜇𝑠. The trajectories in the new medium, indeed,311

are characterized by a different number of scattering events 𝑘 for a fixed pathlength of detected312

photons; in other words, the distribution 𝑝ℓ (𝑘, 𝜇𝑠) is shifted with respect to 𝑝ℓ (𝑘, 𝜇𝑠0) [17]. As313

Fig. 4. As in Fig. 3, but for g = 0.8. Scaled TPSFs are relative to N ≈ 106 (blue lines) and
N ≈ 109 (green lines) detected photons.
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that drop after some hundreds of picoseconds (second row). As for the relative error σr (third
row), it increases with time faster than the previous case, becoming relevant at earlier times. The
results obtained by applying SR improve both in terms of accuracy and precision. In fact, by
increasing the number N of detected photons, the time range where the scaled TPSFs overlap the
direct ones becomes larger with lower relative errors σr. As an example, Fig. 4 shows the case
for the scaled TPSFs obtained with about N ≈ 109 detected photons.

Based on published literature [19], it is expected that whenever the relative standard error is
less than 5%, convergence is generally highly probable. Indeed, it is immediate to observe that
scaled and direct TPSFs begin to drift apart when the relative error on the scaled TPSF increases.
In particular, for the cases reported in Figs. 3 and 4, this approximately happens when the relative
error overcomes the threshold of about 25%. Thus, we can conclude that a simple check of the
relative standard error on the scaled TPSFs can provide an effective a posteriori test to assess its
level of convergence, additional to the test previously considered in Section 4.2.

Heterogeneous case
In addition to what we reported in the previous section, we expect that the maximum

perturbation on the initial case is caused when the change in the scattering coefficient is applied
at the whole diffuse medium. Therefore, considering the actual possibility of application of the
SR, we expect the homogeneous case to be the worst in terms of convergence of the procedure.

For this reason, we report in Fig. 5 two examples of a heterogeneous diffuse medium, where
the change in the scattering coefficient happens only in one sub-region of the medium considered.
For both examples, the source-detector distance ρ is 2 cm, the refractive indices are nint = 1.4
and next = 1, the anisotropy factor g is 0.8, the detected photons N are about 106, and a scattering
variation of 20% is considered.

The left column of Fig. 5 reports the case of a 3-layered slab, where only the optical properties
of the second layer is changed. Specifically, the optical and geometric properties are: first
layer, thickness s1 = 1 cm, µa,1 = 0.05 cm−1, µ′s0,1 = 10 cm−1; second layer, thickness
s = 0.3 cm, µa,2 = 0.15 cm−1, µ′s0,2 = 5 cm−1; third layer, thickness s = 4 cm, µa,3 = 0.15 cm−1,
µ′s0,3 = 5 cm−1. The reduced scattering coefficient of the second layer is then changed to
µ′s,2 = 6 cm−1. This case can be assumed as a scheme of the head, with the second layer
represents the brain cortex.

In the right column of Fig. 5, instead, is reported the case of an inclusion embedded in an
otherwise homogeneous slab. Specifically, the optical and geometric properties in this case are:
background medium, thickness s = 5 cm, µa0 = 0.1 cm−1, µ′s0 = 10 cm−1; cylindrical inclusion
located at halfway between source and detector, radius r = 1 cm, height h = 1 cm, depth of the
top base z = 1 cm, µa0,i = 0.1 cm−1, µ′s0,i = 10 cm−1. For both background and inclusion we
have g = 0.8. The reduced scattering coefficient of the inclusion is then changed to µ′s,i = 8 cm−1.
This case can mimic the case of a cyst inside the breast.

From the plots reported in Fig. 5 we can note that the SR can be applied very efficiently in
these examples of heterogeneous media, being the results similar to those reported in Fig. 3,
where, differently from here, we considered g = 0 and a scattering variation of 10%.

Finally, we can note that the scaled TPSFs reported in Figs. 3, 4 and 5 are underestimated. As
a general remark, SR applied to an initial MC simulation in a medium with scattering coefficient
µs0 will yield a scaled TPSF that more likely underestimates the true one at a different value
µs. The reason is that, for practical time spans used to run the initial MC simulation at µs0,
detected trajectories will not include those that are more relevant (i.e., have larger weights) for
the new medium with a different scattering coefficient µs. The trajectories in the new medium,
indeed, are characterized by a different number of scattering events k for a fixed pathlength of
detected photons; in other words, the distribution pℓ(k, µs) is shifted with respect to pℓ(k, µs0)
[17]. As demonstrated in Fig. 4, by increasing the sampling of the trajectories in the initial MC
simulation, the convergence properties of scaled TPSFs improve. However, we stress that to
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Fig. 5. As in Fig. 3, but for two examples of a heterogeneous diffuse medium. Left
column: 3-layered slab, thicknesses s1 = 1 cm, s2 = 0.3 cm, s3 = 4 cm; absorption
coefficients µa0,1 = 0.05 cm−1, µa0,2 = µa0,3 = 0.15 cm−1; reduced scattering coefficients
µ′s0,1 = 10 cm−1, µ′s0,2 = µ

′
s0,3 = 5 cm−1. The reduced scattering coefficient of the

second layer is changed to µ′s,2 = 6 cm−1. Right column: cylindrical inclusion in a
homogeneous slab: thickness s = 5 cm, inclusion radius r = 1 cm, height h = 1 cm, depth
z = 1 cm; absorption coefficients µa0 = µa0,i = 0.1 cm−1; reduced scattering coefficients
µ′s0 = µ

′
s0,i = 10 cm−1. The reduced scattering coefficient of the inclusion is changed to

µ′s,i = 8 cm−1. Other common parameters: source-detector distance ρ = 2 cm, refractive
indices nint = 1.4 and next = 1, anisotropy factor g = 0.8, detected photons N ≈ 106.

obtain the improvement shown in Fig. 4 we needed to increase the number of detected trajectories
by 3 orders of magnitude, and this has a remarkable impact on the computation time.

4.3.2. CW results

Here we report the results obtained for the CW approach, considering as an example a homoge-
neous slab with the same optical and geometric parameters we assumed in the homogeneous TD
case (see Sec. 4.3.1). Then, according to Eq. (8), we calculated reflectance at four source-detector
distances ρ, ranging from 0.5 to 3 cm, for a homogeneous slab with thickness s = 4 cm and
refractive indices nint = next = 1. We also considered the effect of µa0 and the anisotropy factor
g. Finally, the scaling has been applied for a small scattering variation, from a MC simulation
run for µ′s0 = 10 cm−1 to derive results for µ′s = 11 cm−1.

The results obtained for the CW approach are summarized in Tables 3, 4, 5, and 6. All tables
have the same structure: the first column reports source-detector distances of interest, the second
and third columns report the results for the direct MC simulation for µ′s0 with the corresponding
relative errors, the fourth and fifth columns report the results for the direct MC simulation for µ′s
with the corresponding relative errors, the sixth and seventh columns report the results obtained
by applying the scaling method from µ′s0 to µ′s with the corresponding relative errors, and the
eighth column shows the ratios between the scaled result and the direct result for µ′s.
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Case: µa = 0 cm−1 and g = 0

Table 3. CW values and percent relative standard error σr obtained both with direct MC simulations
and by applying the scaling method. Parameters: µ′s0 = 10 cm−1, µ′s = 11 cm−1, µa = 0 cm−1, g = 0.

ρ [cm]
Direct (µ′s0) Direct (µ′s) Scaled (µ′s0 → µ′s) Scaled (µ′s0 → µ′s)

Direct (µ′s)CW [cm−2] σr [%] CW [cm−2] σr [%] CW [cm−2] σr [%]

0.5 1.46×10−1 9.91×10−2 1.39×10−1 9.91×10−2 1.39×10−1 1.24×10−1 1.000

1 2.25×10−2 9.93×10−2 2.06×10−2 9.94×10−2 2.06×10−2 2.00×10−1 0.998

2 2.91×10−3 9.93×10−2 2.63×10−3 9.93 × 10−2 2.62×10−3 1.64×100 0.999

3 6.99×10−4 9.96×10−2 6.13×10−4 9.97×10−2 6.02×10−4 1.27×100 0.983

Table 4. As in Table 3, but for µa = 0.2 cm−1 and g = 0.

ρ [cm]
Direct (µ′s0) Direct (µ′s) Scaled (µ′s0 → µ′s) Scaled (µ′s0 → µ′s)

Direct (µ′s)CW [cm−2] σr [%] CW [cm−2] σr [%] CW [cm−2] σr [%]

0.5 8.65×10−2 1.06×10−1 8.08×10−2 1.07×10−1 8.09×10−2 1.15×10−1 1.000

1 6.43×10−3 1.23×10−1 5.52×10−3 1.25×10−1 5.52×10−3 1.45×10−1 1.001

2 1.38×10−4 1.90×10−1 1.05×10−4 1.98×10−1 1.05×10−4 2.71×10−1 0.999

3 5.43×10−6 2.92×10−1 3.68×10−6 3.11×10−1 3.66×10−6 4.99×10−1 0.996

Table 5. As in Table 3, but for µa = 0 cm−1 and g = 0.8.

ρ [cm]
Direct (µ′s0) Direct (µ′s) Scaled (µ′s0 → µ′s) Scaled (µ′s0 → µ′s)

Direct (µ′s)CW [cm−2] σr [%] CW [cm−2] σr [%] CW [cm−2] σr [%]

0.5 1.63×10−1 9.90×10−2 1.54×10−1 9.90×10−2 1.53×10−1 4.77×10−1 0.996

1 2.36×10−2 9.93×10−2 2.15×10−2 9.93×10−2 2.05×10−2 1.03×100 0.951

2 2.98×10−3 9.92×10−2 2.68×10−3 9.93×10−2 2.56×10−3 1.53×10+1 0.955

3 7.10×10−4 9.96×10−2 6.21×10−4 9.96×10−2 3.17×10−4 1.46×10+1 0.510

Table 6. As in Table 3, but for µa = 0.2 cm−1 and g = 0.8.

ρ [cm]
Direct (µ′s0) Direct (µ′s) Scaled (µ′s0 → µ′s) Scaled (µ′s0 → µ′s)

Direct (µ′s)CW [cm−2] σr [%] CW [cm−2] σr [%] CW [cm−2] σr [%]

0.5 9.96×10−2 1.05×10−1 - 9.14×10−2 1.06×10−1 9.15×10−2 1.88×10−1 1.000

1 6.90×10−3 1.22×10−1 5.88×10−3 1.24×10−1 5.84×10−3 4.16×10−1 0.994

2 1.43×10−4 1.88×10−1 1.08×10−4 1.96×10−1 1.06×10−4 1.84×100 0.979

3 5.51×10−6 2.89×10−1 3.69×10−6 3.07×10−1 3.34×10−6 4.00×100 0.904

Table 3 shows how the scaled CW results are in good agreement with the direct simulation: in
fact, the ratio between the scaled and the direct values is very similar to 1 for all the considered
source-detector distances (forth column). Furthermore, the relative errors affecting the scaled
values are very small, less than 2%. These small errors are possible thanks to the high accuracy
of elementary MC data (106 collected photons for each detector).

The worsening of CW results as the source-detector distance increases is compliant with the
higher contribution of photons associated to long time-of-flight, which coincides with many
scattering events. In particular, this reflects the higher noise affecting the scaled TPSF at late
times (compare Fig. 3). Since the weight of these photons reduces with increasing absorption,
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we expect scaling to work even better for absorbing media. On the contrary, we expect larger
errors as the anisotropy parameter grows (maintaining the same µ′s), due to the greater number of
scattering events with the same time-of-flight.

Case: µa = 0.2 cm−1 and g = 0
By inspecting values reported in the forth column of Table 4, one can confirm the hypothesis

of an accuracy improvement in the case of absorbing media. In compliance with the selective
reduction of the contribution of photons based on the time-of-flight, it is also observed that
the effect of absorption on CW values strongly depends on the source-detector distance, with a
reduction of more than two orders of magnitude with respect to the non-absorbing case of the
collected photons at ρ = 3 cm. However, the most interesting result is that the relative standard
error affecting the scaled result is only slightly larger than the one affecting the direct simulation
for all values of ρ, and smaller than the non-absorbing case.

Case: µa = 0 cm−1 and g = 0.8
Let us now consider a non-absorbing medium with g = 0.8 (Table 5). As expected, the SR

performance degrades: at ρ = 1 cm there is already a discrepancy of about 5% with respect to
the expected value (compare fourth column). The situation worsens at larger distances, with
an increasing underestimation of the CW values and a corresponding growth of the relative
standard errors of the scaled results (compare second and third columns). In particular, the latter
consideration indicates that the convergence of the scaled results is no longer reliable, as we
observed for the TD case.

Case: µa = 0.2 cm−1 and g = 0.8
As reported in Table 6, the addition of absorption significantly extends the applicability of

scattering scaling also for this g value: the scaled values for ρ = 1 cm and ρ = 2 cm are still in
agreement with those of the direct simulation, with an error of about 2% (see fourth column).
On the contrary, for ρ = 3 cm an underestimation of the scaled value of about 10% takes place.
Finally, it is worth noting that the absorption reduces the relative standard error of the scaled
values with respect to the non-absorbing case, as already observed for the g = 0 case.

4.4. Derivatives

In this Section we will study the convergence of the derivatives with respect to absorption and
scattering obtained by applying the SR according to Eqs. (9) and (10) for the TD case, and
Eqs. (11) and (12) for the CW case. In particular, a 3-layered non-absorbing slab of thicknesses
s1 = 0.5 cm, s2 = 0.5 cm and s3 = 3 cm, and initial reduced scattering µ′s0 = 10 cm−1 for all
the three layers has been considered. The refractive index was fixed to 1 both in the medium
and outside, while two values for the anisotropy factor (g = 0 and g = 0.8) were discussed.
Moreover, four source-detector distances have been considered: 0.5, 1, 2 and 3 cm. For the sake
of comparison, derivatives were also directly calculated according to the definition of incremental
ratio, assuming ∆µa = 10−3 cm−1 and ∆µs = 0.1 cm−1 as absorption and scattering increment,
respectively.

4.4.1. Time domain results

The derivatives with respect to absorption can be calculated by applying Eq. (9). Some examples
of absorption derivatives are reported in Fig. 6. As a matter of fact, SR do not show critical
aspects in this case and can be used without any special precaution, resulting in smooth (i.e.,
low-noise) TD curves of the absorption derivatives. Indeed, Eq. (9) is the common method
adopted to compute derivatives with respect to absorption [25]. For the sake of completeness, in
Fig. 6 are also reported the derivatives with respect to absorption calculated with the incremental
ratio in accordance to the basic definition
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Fig. 6. Absorption derivatives, expressed in cm−1ps−1, are shown for a non-absorbing
3-layered slab of thicknesses s1 = 0.5 cm, s2 = 0.5 cm and s3 = 3 cm, µs0 = 10 cm−1, and
g = 0, thus resulting µ′s0 = 10 cm−1, for all the three layers. The refractive index is 1 both in
the medium and outside. Subscripts 1, 2, and 3 denote the first layer, second layer, and third
layer, respectively. In absence of subscript, the whole slab is considered. The results are
shown for four source-detector distances from the first to the last column: 0.5, 1, 2 and 3 cm.
Blue curves pertain to the derivatives calculated by the scaling formula Eq. (9), while red
curves are the derivatives obtained by the direct calculation of the incremental ratio.

More precisely, starting from Eq. (9), we can calculate the relative standard error of the
absorption derivatives, yielding to the following expression:

σr

(︄
∂TPSF
∂µa

|︁|︁|︁|︁
µs=µs0

)︄
=

√︂
σ2

r (⟨ℓ⟩i) + σ2
r (TPSF0), (16)

where we set TPSF0 = TPSF (µs0, µa, ti). One can note that this error is only slightly larger than
σ2

r (TPSF0), i.e., that on the initial TPSF. Indeed, for the additional term σr (⟨ℓ⟩i), which is the
relative error on the mean path of the photons received in the i-th time bin, it results:

σr (⟨ℓ⟩i) = σ (⟨ℓ⟩i)
⟨ℓ⟩i ≈ v∆t

vti
≈ ∆t

ti
≈ 1% , (17)

where we assumed a small time bin width ∆t, e.g., ∆t ≈ 10 ps, as it is usually the case, and
ti ≈ 1 ns. This means that the error on the absorption derivative is comparable to the error on the
initial simulation.

The results for the TD derivative with respect to the scattering coefficient are very different
from those for absorption. In Fig. 7, some examples of scattering derivatives are reported for the
case g = 0. Each plot shows the TD derivatives calculated both with the scaling formula Eq. (10)
and with the incremental ratio in accordance to the basic definition. From Fig. 7, we can note
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that the absolute values for the derivative with respect to µs are significantly smaller than those
for the derivative with respect to µa, especially for larger source-detector distances. In particular,
the scattering derivatives increase rapidly at early times, reach a maximum, and, then, decreases
rapidly towards 0.
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Fig. 7. Scattering derivatives, expressed in cm−1ps−1, are shown for the same geometry as
in Fig. 6. Blue curves pertain to the derivatives calculated by the scaling formula Eq. (10),
while red curves are the derivatives obtained by the direct calculation of the incremental
ratio.

The relative standard error affecting the scattering derivative can be evaluated by exploiting
Eq. (10):

σr

(︄
∂TPSF
∂µs

|︁|︁|︁|︁
µs=µs0

)︄
=

√︄
σ2

r

(︃
⟨ k
µs0

− ℓ⟩i
)︃
+ σ2

r (TPSF0). (18)

The behavior of σr
(︃
∂TPSF
∂µs

|︁|︁|︁
µs=µs0

)︃
is basically determined by the first term inside the square

root in Eq. (18), resulting much greater than that for the derivative with respect to µa. It can be
inferred, indeed, that for late propagation times, i.e., for times much larger than ballistic time,
we expect that ⟨k/µs0 − ℓ⟩i ≈ 1/µs0. Moreover, the standard error affecting ⟨k/µs0 − ℓ⟩i can be
calculated as:

σ

(︃
⟨ k
µs0

− ℓ⟩i
)︃
≈

√︄
σ2

(︃
⟨ k
µs0

⟩i
)︃
+ σ2(⟨ℓ⟩i) . (19)

It results that σ (⟨ℓ⟩i) ≈ v∆t (compare Eq. (17)). As for the standard error on ⟨k/µs0⟩i, it
results:

σ

(︃
⟨ k
µs0

⟩i
)︃
=
σ (⟨k⟩i)
µs0

≈
√︁
µs0⟨ℓ⟩i
µs0

≈
√︃

vti
µs0

, (20)
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where we assumed that the values k were distributed according to the Poisson distribution
p⟨ℓ ⟩i,∞ (k, µs0) with mean value µs0⟨ℓ⟩i and standard error

√︁
µs0⟨ℓ⟩i. Moreover, we set ⟨ℓ⟩i ≈ vti

as already done in Eq. (17).
We note that the standard error reported in Eq. (20) increases with time, while σ (⟨ℓ⟩i)

remains constant. In particular, if we assume ∆t ≈ 10 ps and ti ≈ 1 ns as before, together with
µs0 = 10 cm−1 and v = 0.03 cm/ps, we obtain:

σ (⟨ℓ⟩i) ≈ 0.3 cm , σ

(︃
⟨ k
µs0

⟩i
)︃
≈ 2 cm . (21)

Then, for late propagation times, the term σ (⟨ℓ⟩i) in Eq. (19) can be neglected, and the
standard error affecting ⟨k/µs0 − ℓ⟩i can be approximated as:

σ

(︃
⟨ k
µs0

− ℓ⟩i
)︃
≈ σ

(︃
⟨ k
µs0

⟩i
)︃
≈

√︃
vti
µs0

, (22)

leading to the following expression for relative standard error:

σr

(︃
⟨ k
µs0

− ℓ⟩i
)︃
=
σ (⟨k/µs0 − ℓ⟩i)
⟨k/µs0 − ℓ⟩i ≈

√︁
vti/µs0

1/µs0
=
√
µs0vti . (23)

Finally, the relative standard error affecting the scattering derivative [Eq. (18)] is dominated
by the first term under the square root and it increases with time; in particular, for the example
values of the parameters considered above we obtain:

σr

(︃
⟨ k
µs0

− ℓ⟩i
)︃
≈ 20 , (24)

to be compared with the relative error on TPSF0, that is usually of the order of some percent or

less. It is worth noting, however, that for late times the value of the derivative
∂TPSF
∂µs

|︁|︁|︁|︁
µs=µs0

is close to 0. Then, in this situation, the huge value of the relative standard error calculated in
Eq. (24) is not a suitable quantity to describe the accuracy and its use may be misleading.

In general, it is true that for the derivative with respect to the scattering coefficient the
convergence is slower compared to that of the TPSF and may show criticalities. However, plots
reported in Fig. 7 offer a clear evidence of the advantage in terms of convergence in using the SR
for the calculation of the scattering derivatives with respect to the definition of incremental ratio.
Although the two calculations are statistically equivalent, the SR return significantly smoother
values, so that their use must be preferred. Simulations for the asymmetry parameter g = 0.8
were also carried out, confirming the advantage to use the calculation of the scattering derivative
with the scaling formula (data not shown).

The scattering effects on the scaled TPSF are also related to the asymmetry parameter of
the scattering function at exam, g. The effect of g on the calculation of the time derivative can
be simply described by means of similarity relations. If µ′s is constant as g varies, given the
similarity relation valid for multiple scattering problems [2,3], almost identical results should be
obtained for the derivatives with respect to µ′s, i.e.:

∂TPSF
∂µ′s

|︁|︁|︁|︁
g=g1

≈ ∂TPSF
∂µ′s

|︁|︁|︁|︁
g=g2

. (25)

Using the definition of the reduced scattering coefficient µ′s = µs(1 − g), we obtain:

∂TPSF
∂µs

|︁|︁|︁|︁
g=g1

= (1 − g1) ∂TPSF
∂µ′s

|︁|︁|︁|︁
g=g1

≈

≈ (1 − g1) ∂TPSF
∂µ′s

|︁|︁|︁|︁
g=g2

=
1 − g1
1 − g2

∂TPSF
∂µs

|︁|︁|︁|︁
g=g2

.
(26)
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For the derivatives with respect to scattering, in the case g1 = 0.8 we can then expect
smaller values than in the case g2 = 0 by about a factor of 5. These similarity relations can be
automatically transferred to the CW domain.

In conclusion, the TD derivatives calculated in this Section by exploiting the SR have shown
excellent property of convergence compared to the direct calculation. In particular, concerning
the derivative with respect to absorption, SR does not present critical aspects, being governed
by a convergence behavior similar to that of the direct simulation. As for the derivative with
respect to scattering, although a larger relative error is observed, this occurs at late times, when
the absolute value of the derivative is almost zero and the dependence on scattering vanishes.
Therefore, scaled results are significantly better than those for direct calculations (see Fig. 7).

4.4.2. CW results

We expect the CW derivatives to reflect the behavior observed for TD. Tables 7 and 8 report the
CW derivatives with respect to absorption and scattering for two values of the anisotropy factor,
g = 0 and g = 0.8, calculated by exploiting Eqs. (11) and (12), respectively. We can note that the
values of the absorption derivatives for g = 0 and g = 0.8 are almost the same, i.e., their ratio is
≈ 1, as expected (see Table 7). Furthermore, we observe that:

∂CW
∂µa

=

3∑︂
i=1

∂CW
∂µai

, (27)

again as expected.

Table 7. CW absorption derivatives calculated by Eq. (11). It was considered a 3-layer
non-absorbing slab with thicknesses s1 = s2 = 0.5 cm, s2 = 3 cm, µ′s = 10 cm−1 in all the layers, and

refractive index 1 both in the medium and outside. Subscripts 1, 2, and 3 denote the first layer,
second layer, and third layer, respectively. In absence of subscript, the whole slab is considered.

The units are cm−1 for all the derivatives.

g = 0 g = 0.8

ρ [cm]
∂CW
∂µa1

∂CW
∂µa2

∂CW
∂µa3

∂CW
∂µa

∂CW
∂µa1

∂CW
∂µa2

∂CW
∂µa3

∂CW
∂µa

0.5 -3.8 ×10−1 -9.3 ×10−2 -1.6 ×10−2 -4.9 ×10−1 -4.1 ×10−1 -9.3×10−2 -1.6 ×10−2 -5.2 ×10−1

1 -1.1 ×10−1 -6.8 ×10−2 -2.5 ×10−2 -2.1×10−1 -1.2 ×10−1 -6.9 ×10−2 -2.5 ×10−2 -2.1 ×10−1

2 -2.2 ×10−2 -3.0 ×10−2 -3.4 ×10−2 -8.6 ×10−2 -2.3 ×10−2 -3.0 ×10−2 -3.5 ×10−3 -8.7×10−3

3 -5.8 ×10−3 -9.9 ×10−3 -1.6 ×10−2 -3.2 ×10−2 -6.0 ×10−3 -1.0 ×10−2 -1.6 ×10−2 -3.2 ×10−2

Table 8. CW scattering derivatives calculated by Eq. (12). Parameters are the same as in Table 7.
Subscripts 1, 2, and 3 denote the first layer, second layer, and third layer, respectively. In absence of

subscript, the whole slab is considered. The units are cm−1 for all the derivatives.

g = 0 g = 0.8

ρ [cm]
∂CW
∂µs1

∂CW
∂µs2

∂CW
∂µs3

∂CW
∂µs

∂CW
∂µs1

∂CW
∂µs2

∂CW
∂µs3

∂CW
∂µs

0.5 -8.6 ×10−3 1.6×10−3 3.2×10−4 -6.6×10−3 -2.4×10−3 3.0×10−4 7.2×10−5 -1.97×10−3

1 -2.4 ×10−3 2.2×10−4 2.3×10−4 -2.0×10−3 -5.3×10−4 4.9×10−5 4.3×10−5 -4.4×10−4

2 -2.5 ×10−4 -1.2×10−4 5.5×10−5 -3.1×10−4 -5.4×10−5 -2.4×10−5 1.3×10−5 -6.5×10−5

3 -4.4 ×10−5 -4.7×10−5 -4.1×10−6 -9.5×10−5 -8.8×10−6 -9.9×10−6 -4.6×10−7 -1.9×10−5

As for the scattering derivatives, from Table 8 we can observe that the values for g = 0 are
larger that those for g = 0.8, their ratios ranging mostly between 2.7 and 5.7, in agreement with
the expectations set by the SR in Eq. (26) (values of the ratios of the scattering derivatives for the
two g cases are not explicitly reported for the sake of brevity).
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In order to characterize the convergence of the CW derivatives with respect to absorption and
scattering, Tables 9 and 10 display the relative standard errors corresponding to the conditions
of Tables 7 and 8, respectively. The calculus of the relative standard errors of the derivative is
based on the formula (13) applied to Eqs. (11) and (12). All these relative standard errors are
consistent with the convergence of the corresponding CW derivatives (relative standard error
lower than 5%). For the sake of comparison, we also list in Table 11 the relative standard errors
affecting the CW values. An inspection of values reported in Tables 9, 10, and 11 shows that
for the derivatives with respect to absorption the relative standard errors are most of the times
only slightly larger than those on CW values. Exceptions can be noted, such as derivatives
with respect to absorption in the second and third layers for the nearest detector, due to the few
received photons that were able to penetrate deep into these layers. For derivatives with respect
to scattering, however, the relative standard errors on derivatives are markedly larger than those
on CW value, by a factor of ten ore more, as we expected from the previous discussion.

Table 9. Percent relative standard error on the CW absorption derivatives reported in Table 7.

g = 0 g = 0.8

ρ [cm] σr

(︃
∂CW
∂µa1

)︃
σr

(︃
∂CW
∂µa2

)︃
σr

(︃
∂CW
∂µa3

)︃
σr

(︃
∂CW
∂µa

)︃
σr

(︃
∂CW
∂µa1

)︃
σr

(︃
∂CW
∂µa2

)︃
σr

(︃
∂CW
∂µa3

)︃
σr

(︃
∂CW
∂µa

)︃
0.5 1.2×10−1 2.9×10−1 7.3×10−1 1.5×10−1 1.2×10−1 3.1×10−1 7.6×10−1 1.5×10−1

1 1.1×10−1 1.7×10−1 3.2×10−1 1.3×10−1 1.1×10−1 1.7×10−1 3.2×10−1 1.3×10−1

2 1.1×10−1 1.2×10−1 1.7×10−1 1.2×10−1 1.1×10−1 1.2×10−1 1.7×10−1 1.2×10−1

3 1.1×10−1 1.1×10−1 1.3×10−1 1.1×10−1 1.1×10−1 1.1×10−1 1.3×10−1 1.1×10−1

Table 10. Percent relative standard error on the CW scattering derivatives reported in Table 8.

g = 0 g = 0.8

ρ [cm] σr

(︃
∂CW
∂µs1

)︃
σr

(︃
∂CW
∂µs2

)︃
σr

(︃
∂CW
∂µs3

)︃
σr

(︃
∂CW
∂µs

)︃
σr

(︃
∂CW
∂µs1

)︃
σr

(︃
∂CW
∂µs2

)︃
σr

(︃
∂CW
∂µs3

)︃
σr

(︃
∂CW
∂µs

)︃
0.5 8.7×10−1 2.3×100 4.9×100 1.3×100 1.6×100 5.7×100 1.0×101 2.1×100

1 6.6×10−1 5.8×100 3.3×100 1.1×100 1.4×100 1.8×101 7.9×100 2.3×100

2 1.0×100 2.5×100 5.8×100 1.6×100 2.2×100 5.5×100 1.1×101 3.5×100

3 1.4×100 1.8×100 2.6×101 1.6×100 3.3×100 3.8×100 1.1×102 3.5×100

Table 11. CW reflectance and its percent relative standard error,
σr (CW ), calculated using MC simulations with same parameters as in

Table 7.

g = 0 g = 0.8

ρ [cm] CW
[︁
cm−2]︁ σr(CW) CW

[︁
cm−2]︁ σr(CW)

0.5 1.5 ×10−1 9.9 ×10−2 1.6×10−1 9.9 ×10−2

1 2.3×10−2 9.9×10−2 2.4 ×10−2 9.9 ×10−2

2 2.9 ×10−3 9.9 ×10−2 3.0×10−3 9.9×10−2

3 7.0 ×10−4 1.0 ×10−1 7.1 ×10−4 1.0×10−1

A final remark can be done by comparing the relative errors for g = 0 and g = 0.8. From
Table 9 it results that the values obtained in the case of absorption derivatives are practically the
same for g = 0 and g = 0.8. As for the scattering derivatives, the relative error for g = 0.8 is
about twice that for g = 0 (see Table 10). This information is in agreement with the convergence
of scaled TPSFs, which decreases as g increases.
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The results presented in this Section for the calculation of CW derivatives with scaling rules
are similar to those obtained for TD in the previous Section, thus leading to similar conclusions.
The weakest point, as for TD, is the scattering derivative. However, the relative standard error
produced by these calculations, again with a reasonably low number of detected trajectories,
ensures smooth convergence of the scattering derivatives as well.

5. Conclusion

In the companion paper [17], we analyzed the origin of the SR to derive a new MC simulation
with a change in absorption and scattering properties by re-processing the collected trajectories
of a reference simulation with initial µa0 and µs0 values. Therein, we also presented the crucial
aspects at the basis of the convergence criticalities, that are ultimately related to how well the
sampled trajectories for the reference simulation are sufficiently representative also of the new
problem. In the present paper, we analysed the convergence properties in various scenarios with
numerical methods, trying to derive a practical guide for the judicious use of this approach, as
well as a deeper understanding of the peculiarities of the SR.

In the case of absorption, the convergence is always optimal both for forward problems and
inverse problems - i.e., for the calculus of the derivatives of the TPSF with respect to µa. As a
matter of fact, the exploitation of Eq. (1) in MC simulations to model the effect of changes in
the absorption coefficient is a well-established procedure [25,26]. Practically, the absorption
properties, whatever they are, are added in post-processing, after running a white, i.e., for a
non-absorbing medium, MC simulation. The key point is that absorption does not alter the photon
trajectories, which can adequately describe also the perturbed situation with proper weighting
factors - the Lambert-Beer factors. Also, in terms of noise in the scaled simulation, this is solely
due to the noise in the original TPSF.

In the case of scattering, the situation is quite different. In particular, we analysed the
distribution pℓ(k, µs) for the number of scattering events k undergone by photons along a path
of length ℓ over all recorded trajectories. We observe that pℓ(k, µs) is very close to pℓ,∞(k, µs),
that is the distribution of the scattering events for a free propagation in an infinite medium, well
described by a Poisson distribution. The main deviations of pℓ(k, µs) from pℓ,∞(k, µs) in finite
geometries are related to a shift of the distributions towards lower k for pathlengths ℓ close to the
source-detector distance ρ. In addition to that, for a change in µs, the whole pℓ,∞(k, µs) is shifted
along the k-axis.

For forward problems, with a finite change in µs, this latter shift is the key source of instabilities,
causing a possible undersamplig of one side of the distribution of scattering events. While
for short enough pathlenghts ℓ the convergence is granted, for long ℓ we identified a simple
criterion for a first-order estimate of convergence properties based on kmin and kmax values of the
pℓ(k, µs0) relative to the reference MC simulation, that are used to calculate an approximated
scaling factor FMC. Values of FMC,s close to 1 are an index of convergence for the method. As
a matter of fact, FMC,s represents a measure of the overlap between the probability functions
pℓ,∞(k, µs0) and pℓ,∞(k, µs), and therefore it indicates if the trajectory ensemble of the reference
simulation is representative also for the scaled case. This criterion could be used – for instance –
in machine-learning training sessions involving large amount of simulations to exclude wrong
datasets which could negatively polarise the model.

From the analysis of the forward problem in few homogeneous exemplary cases, we observed
that the main inaccuracies in the generation of scaled simulations occur for a high number k of
scattering events. For instance, in CW, for a 10% increase in µ′s = 10 cm−1 there is more than
5% inaccuracy on the scaled simulation only for the anisotropic case g = 0.8 (a 5-fold higher k
values than for the case g = 0 for the same µ′s) combined with a large ρ = 3 cm. Absorption
helps improve the accuracy since it reduces the weight of trajectories with a higher number
of scattering events. It is worth noting at this point that SR for absorption and scattering are
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independent from one another and, then, they can be applied together to consider a simultaneous
change in both the optical parameters. The TD case is more delicate, since long trajectories
can still be extracted, independently of µa and ρ. As an example, for the same 10% increase in
µ′s, strong deviations are observed for t>1 ns and g = 0.8 at ρ = 2 or 3 cm, while, for shorter
source-detector distances ρ = 0.5 or 1 cm, inaccuracies are found for t>0.5 ns.

For heterogeneous cases, where the perturbed region is much smaller than the whole medium,
the number of k scattering events in the altered region is smaller, and therefore convergence of
SR improves. This was shown in two exemplary cases of a head and a breast model, where a
20% µs change in the brain cortex or in an optical inhomogeneity of ≈ 1 cm3 at 1 cm depth was
properly described by the SR.

It is worth to note that, although the SR is an unbiased estimator which, in the limit of an
infinite number Ne of simulated trajectories in the initial MC simulation, converges to the true
value, the scaled TPSFs obtained in this work show a underestimation of the corresponding direct
simulation. This fact is caused by the set of trajectories considered in the initial simulation at
µs0, which do not uniformly sample the distribution of the scattering events relative to the new
simulation at µs, in the different time windows of the scaled TPSF. The observed significant
increase in the standard error affecting the scaled TPSFs is indicative of this undersampling.

For the calculus of the derivatives with respect to µs, the situation is much better. Since
the change in µs is infinitesimal, the probability distributions of pℓ(k, µs) are identical for the
reference and the perturbed cases. It is known that for the distribution pℓ,∞(k, µs) the derivative of
the TPSF with respect to µs is null. Therefore, scattering information is encoded in the deviations
of pℓ(k, µs) from pℓ,∞(k, µs) occurring for short pathlengths, i.e., low t.

In terms of noise, in addition to the noise affecting the TPSF as for the absorption case, also
the noise affecting the estimate of the mean number of scattering events k must be considered. In
particular, we evaluated the latter contribution for a typical set of parameter values, demonstrating
that it increases dramatically for large t. At the same time, however, also the scattering derivative
rapidly goes to zero. Then, it could also be safely set to 0 after a proper time, preventing noise to
create artificial inaccuracies. In general, we observe that the calculus of derivatives using the SR
yields less noisy results as compared to the use of the incremental ratio, and therefore should
always be preferred - as in the case of inverse problems.

The key message of this work is that SR can be always used for µa. For µs, they can be
safely used for calculating the scattering derivatives, but in general not for generating forward
simulations, unless the µs perturbation is small (e.g., < 10%) or the perturbed volume is small
(e.g., brain cortex, breast lesion).

In this paper, we deciphered the complex physics of the SR, ultimately related to the distribution
of scattering events pℓ(k, µs). This could foster further studies to advance on the modelling of
photon migration and the acceleration of MC simulations, which are gaining a crucial role in
applications.

Appendix. Calculation of pℓ,MC(k, µs) distributions

In this Appendix, we show how to calculate the probability distribution pℓ,MC(k, µs) starting from
the trajectory information saved in the MC simulation.

In the companion paper [17], we defined the infinitesimal probability to travel along a trajectory
Γ in a homogeneous medium with fixed µa, µs and p(θ):

dP(Γ, µa, µs, p) =
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
µk

se−µtℓ
k∏︂

m=1
dℓmp(θm)dΩm for k ≥ 1

e−µtℓ for k = 0
(28)
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where ℓm is the path travelled by the photon before being scattered at an angle θm within a solid
angle dΩm, with m = 1, . . . , k being k the number of scattering events of the trajectory, while
µt = µa + µs is the extinction coefficient.

We remember that the heart of the scaling relations method is to estimate the probability to
travel along a given trajectory in a medium, characterized by different optical properties with
respect to an initial or background medium. Let us now consider the background medium with
optical properties (µa0, µs0, p0) and a new medium with optical properties (µa, µs, p); the main
principle of the method is that the ratio of the weights of each trajectory Γ in the two media, W0
and W, is the same as the ratio of the theoretical probabilities reported in Eq. (28), that can be
derived from first principles of photon migration:

W(µa, µs, p(θ))
W(µa0, µs0, p0(θ)) =

dP(Γ, µa, µs, p(θ))
dP(Γ, µa0, µs0, p0(θ)) . (29)

By using Eq. (29), we have:

W(µa, µs)
W(µa0, µs0) =

(︃
µs

µs0

)︃k
e−(µt−µt0)ℓ , (30)

where we considered the further simplifying assumption p(θ) = p0(θ).
The distribution of the detected trajectories in the background medium is calculated with a MC

simulation. Let us consider an initial MC simulation with Ne launched photons: by definition the
weight of each detected trajectory W(µa0, µs0) is equal to 1, while the weight W(µa, µs) of the
same trajectory in the new medium with different optical properties is given by Eq. (30).

According to the companion paper [17], an estimate of TPSF(ti,∆t, µa, µs), i.e., of the photons
detected within the time range (ti − ∆t/2, ti + ∆t/2), is given by:

TPSF(ti,∆t, µa, µs) = 1
NeS∆t

∑︂
j∈Ji

Wj(µa, µs) = 1
NeS∆t

∑︂
j∈Ji

(︃
µs

µs0

)︃kj

e−(µt−µt0)ℓj , (31)

where S is the detector area, ∆t is the width of the time bin, Ji is the ensemble of photons received
in the i-th time bin, kj and ℓj are the number of scattering events undergone and the length travelled
by the j-th photon, respectively. In particular, if the width of the time bin is small enough, we can
assume ℓj ≈ vti, being v the speed of light in the medium. In Eq. (31) we also exploited Eq. (30)
and the fact that Wj(µa0, µs0) = 1 for all the received photons.

Equation 31 can be rewritten by using the distribution of scattering events kj of the detected
photons, with j ∈ Ji. In other words, we can rewrite Eq. (31) as:

TPSF(ti,∆t, µa, µs) = Ni

NeS∆t
e−(µt−µt0)ℓ ×

×
[︄
n0
Ni

(︃
µs

µs0

)︃0
+

n1
Ni

(︃
µs

µs0

)︃1
+

n2
Ni

(︃
µs

µs0

)︃2
+ · · · + nk

Ni

(︃
µs

µs0

)︃k
+ . . .

]︄
,

(32)

where Ni is the number of detected photons in the i-th time bin, ℓ = vti, and n0, n1, n2, . . . , nk, . . .
are the numbers of detected photons that underwent 0, 1, 2, . . . , k, . . . scattering events, respectively.
We explicitly note that in a MC simulation some of the frequencies nk/Ni can be zero: as a matter
of fact, the distribution of scattering events will range between a minimum and a maximum value
for k.
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Now, if we remember that the TPSF for the background medium can be calculated from the
MC simulation as:

TPSF(ti,∆t, µa0, µs0) = 1
NeS∆t

∑︂
j∈Ji

Wj(µa0, µs0) = Ni

NeS∆t
, (33)

and by considering all possible values of k, from Eq. (32) it results:

TPSF(ti,∆t, µa, µs) = TPSF(ti,∆t, µa0, µs0)e−(µt−µt0)ℓ
∞∑︂

k=0

nk

Ni

(︃
µs

µs0

)︃k
(34)

Then, we can construct the probability distribution pℓ,MC(k, µs0) by means of the frequencies
nk/Ni obtained from the MC simulation, by identifying:

pℓ,MC(k, µs0) ≡ nk

Ni
for k = 0, 1, 2, . . . (35)

In this way, indeed, when we consider the limit for Ne → ∞, the frequencies pℓ,MC(k, µs0)
converge to the probability function pℓ(k, µs), that represents the probability of detecting a photon
that have travelled a length ℓ = vti with k scattering events, in the case of the background medium,
and from Eq. (34) we get the scaling factor for TPSF reported in Eq. (4).
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